We calculate the effective action in Polyakov's fermionic string theory in a manifestly supersymmetric formalism, including the effects of string boundaries.
Introduction
A string is the natural one-dimensional extension of the classical point particle. Whereas a particle tries to minimize the length of. its world line, the string moves so as to minimize its world surface area. Surface dynamics appear in many contexts, in particular domain wall fluctuations1 and dynamics of large Wilson loops in non-abelian gauge theories ;2 the low energy excitations of the QCD flux tube connecting two quarks are well described by a string model (the "dual" model).
A particularly interesting class of string theories arises when fermions are glued to the string. Such theories are found in N = 00 lattice gauge theories,3 the three-dimensional Ising model,l and dual models. 5 The structure of the string is enriched by the polarization information carried by the fermions. For instance, the fermionic dual model string may be considered as a one-dimensional chain of fermionic parton with nearest-neighbor interactions.
Because of the these many-fold applications, an understanding of the par--tition function or quantum mechanics of strings is of considerable importance.
However, the quantized string is extremely singular since the zeropoint oscillations of the string modes cause the mean displacement to diverge. Early attempts at formulating the quantum theory had many inconsistencies -they were only consistent in unphysical spacetime dimensions (10 for the fermionic string, 26
for the bosonic string), the ground state was a tachyon, Green's functions were only known on-shell, etc. Because of these difficulties, the subject lay dormant lies in the regularization of the determinants; this is a short distance effect, and so the effective action calculated from these determinants is local:
1 + boundary terms .
(l-2)
Thus the consistency of the quantized bosonic string in other than 26 dimensions should be restored by the dynamics of the 4 field. An elegant formalism has been developed for the analysis of the bosonic string with arbitrary world surface topology'0 which exploits the complex structure of two dimensional manifolds and employs heat kernel methods for the determinant calculations.
The most natural way to introduce fermions into the theory is to supersymmetrize it. The action (1.1) becomes two-dimensional supergravity coupled to a set of d scalar supermultiplets. The effective action may be calculated in a manner analogous to the bosonic string using the component fields gab, X" and their partners JJ~,* and x! (o is a two-dimensional spinor index). The present work was initiated with the goal of using superspace methods in order to maintain manifest supersymmetry in the calculation. Indeed we have found that the elegant calculus of Ref. 10 has a natural superspace generalization-which clarifies the discussion of cancellations due to the supersymmetry, especially for string surfaces with boundaries.
In Section 2 we review the superspace formulation of two-dimensional supergravity and introduce the generalization of the complex tensor calculus and heat Vi = e$Dg -n(Dgeq) = (2.10) e tn+l)tiDse-n* Defining an inner product on Tn by < T,S >= / d2zes1T*S T,S 6 Tn (2.11)
M we see that formally Vd = -(Va)+, neglecting boundary contributions (these will be discussed in Section 4). Note that 0; maps Tn into rnfl whereas V3
.maps 7n into 7 n-1. We may define two distinct Laplace operators An (*I : Tn -+ 7n by
In Section 3, we will find that the effective action for the fermionic Polyakov string is determined by the determinants of these Laplacians. Although we cannot calculate det A for a general vierbein, we may calculate 6 (det A)/&!J and hence determine the dependence of this quantity on the conformal factor.
One conventional definition of the determinant of a Laplacian A is
where the prime indicates that the operation is to be carried out over the space orthogonal to the zero modes of A (for a definition of sdet and str, see Appendix A). The lower limit c of the integral over t regulates the divergences of the -determinant by cutting off the large eigenvalues of the Laplacian. However, the heat kernel estAi*) does not have a diffusive behavior and does not tend to zero (4 as t + 00 since the spectrum of An is not bounded below; thus eVtAn has spurious poles and divergences in its behavior even in flat space. To remedy this situation, we calculate instead &zsdet'A(,f) = '
?tn sdet An I( (*I)2 = -I/"~str'e-tAFJ2 E (2.14) which is perfectly well behaved since (Ak*))2 = -~CI in flat space. If we perform a variation of A?) with respect to the conformal factor $, we find where the different signs arise from the fact that we are taking the strace and not the trace. Equation (2.16) is tractable because it only involves the local structure of the manifold; a diffusing particle cannot travel far in an infinitesimal time. We defer calculation of the determinants until we have properly treated the boundary conditions on the spaces Tn.
The Fermionic String
The extension of the action (1.1) to the fermionic string was first considered in Refs. 8 and 9. In this section we review the description of the string in superspace, l3 deriving the equations of motion and boundary conditions for the string fields as well as the Faddeev-Popov determinant for the conformal gauge (2.4 ). This will set the stage for the computation in Section 4 of the effective action coming from the integration over the gauge group and string fields.
The action for the string may be written -
where k = 1, ---, d (the dimension of the imbedding space of the string), M is the parameter space manifold, Xp and the unconstrained components of ey are dynamical variables, and e = sdet ey (3.2~)
Here na and ta denote the unit tangent and normal vectors to the boundary. 
where the Euler characteristic X(M) depends only on the topology of the manifold:
Since (3.3) is metric-independent, it will have no influence on the dynamics of the string. We will find that supersymmetry prevents renormalization of the C term for either Neumann or Dirichlet boundary conditions on Xp. The D term is the length of the boundary in superspace, hence it is an integral over one bosonic and two fermionic coordinates. In the gauge (2.4) this term will be independent of @ since the factors of e tl, cancel in the vierbein determinant in the measure.
An important consequence of this fact is that any boundary-cosmological term which does depend on + must break supersymmetry. In the case of the dual model, the end of the string is free; hence the string variables satisfy the condition (3.13). The Neumann boundary conditions (3.13) are just those of Ref. 11, where they are derived by performing supersymmetry transformations on n a 8A = 0. We will complete the discussion of the boundary conditions on X@ below when we discuss the problem for fields belonging to any of the spaces 7n.
We now must discuss the measure and gauge-fixing determinant for the vierbein. Since ef is determined from ef we look for the most-general metric on the space of eE (3.14)
In the first term, 6,6Sa@ = 6;6! -#Sf implies that only the Sd,Ga@ term is We will obtain this result, and its boundary corrections, in the following section.
The String Effective Action
We will now evaluate the determinants of all the Laplacians (2.12) using (2.16). We will thus find the $-dependence of the determinants in (3.25). The first step in this program is to find the appropriate boundary conditions on the tensor spaces Tn on which the Laplacians act. The analysis is similar to that of For the present discussion we choose coordinates in which 3M is the sl axis, so that n, = -nz. The boundary condition (3.12) x0 = &x0 implies A1 = -&l-l and q = f q from the first and last terms of (4.3). Using the second term we find x2 = fxq2.
Additional conditions may be found from the requirement An4neTn; for instance, we find that Fn and An obey the same boundary conditions because A, maps the Fn part of the space Tn into the An part of that space. We also need Vr$n~Tn+l and V~C#J~CT n-1; for instance, the constraint x2 = fxm2 implies d,A' = &A-l.
Some boundary conditions are dictated by physical considerations. Diffeomorphisms of the coordinates 2 and 2, which belong to the space S2, must map the boundary into itself. This means that the normal component of the vector field specifying an infinitesimal diffeomorphism must vanish on the boundary, resulting in the boundary condition A2 = AB2 for our choice of coordinates.
Also, conditions (3.12) or (3.13) are required by the variational problem for Xp.
Starting from physical conditions such as these we can generate boundary conditions for all the spaces Sn through the requirements given above. We thus find, Hence the properly regularized p determinant gives a contribution which cancels the boundary divergence of the A0 and x0 determinants as shown in Appendix C.
For nonsupersymmetric boundary conditions, we can understand the difference between the two calculations because in Ref. 11 it was assumed that a remnant of supersymmetry exists when there is a boundary. The effective action was obtained from the purely bosonic sector by supersymmetrization, but we see that this cannot work since supersymmetry is completely broken for the boundary conditions (4.8-4.9).
The divergences of the determinants come from the small time behavior of eetA2. Substituting (4.12) into (2.14) we obtain a logarithmic divergence 
Discussion
We have succeeded in generalizing the differential operator formalism of Ref.
10 to superspace, and have calculated the effective-action of Polyakov's formulation of the fermionic string in this manifestly supersymmetric formalism.
The calculations are simpler and more transparent than previous calculations in component fields. In particular, the nature of divergence cancellations due to supersymmetry has been clarified. The cosmological constant is not renormalized, which raises the possibility that it may be consistent to set C = 0 in Eq. to the minimum of its exponential potential, which corresponds to decreasing C. The value of the effective cosmological constant in the quantum theory is a dynamical question which still is not completely understood. Even so, it seems likely that there is no problem in taking C to be small or zero. The assumption that C = 0 should simplify the probem of quantizing the effective action. Further, whatever value we choose for the cosmological constant C, it need not be equal to the boundary cosmological constant, as is claimed in Refs. 11 and 14.
Indeed, since the boundary term is divergent while C is not, it can be argued that its coefficient ought to be much larger than C.
Several problems still remain even if the action for ?+!J is a free field. First, the boundary conditions for the dual model case are nonlinear; the low-frequency modes will not be simple harmonic oscillators of the $ field. The short distance fluctuations of II, must be cut off at some small proper distance scale depends on $J itself, which greatly complicates the regularization procedure. The h-function in e-space is 6(01 -02) = (fIl -82)2 SO that J d2Bb(t9) = 1.
B. Sketch of the Determinant Calculations
We wish to calculate str (fe+* x V(*'j te -v2 e-(2--z')*/4t' 4nt'
Since (e -erj3 = 0, only the aeragr part of V contributes. This term is C.
Effective Action for Supersymmetric Boundary Conditions
The heat kernel formalism may also be used to calculate the scalar determinant when the supersymmetric boundary conditions (3.13) and (4.6) are chosen.
The zeroth order heat kernel is 
